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Abstract: In this paper, we describe a high-order spatial Discontinuous Galerkin
approach to solve Maxwell’s equations in the time domain. This approach is based
on the use of hexahedral meshes and on a judicious choice for the approximations
spaces. This results in an efficient solver in terms of storage and CPU time, for any
order of approximation.

1. Introduction
Many EMC require the knowledge of the electromagnetic fields near the structure or
inside cavities where the cables are routed. To satisfy these constraints in the simulations, the proposed numerical schemes have to demonstrate low numerical dissipation
and dispersion, and have to take into account curved geometries. In all the schemes
used to solve the Maxwell-problem [1][2], we recently find a class of numerical schemes,
the so-called Discontinuous Galerkin (DG) methods, [3][5][4] which permit us to use
a large family of elements and which have a very accurate approximate solution. This
kind of methods also offers a lot of possibilities in terms of numerical scheme which in
the future will make easier to process the local refinements, the boundary conditions,
the non linear aspects, .... In this paper, we describe a particular high-order spatial
DG method, with the main advantages of low storage for Mass and Stiffness matrices
and a fast resolution in terms of CPU time, for all orders of approximation.

2. The mathematic formulation
To introduce our DG method, we consider the electromagnetic problem, described in
a domain Ω by the Maxwell equations :
∂E
+ σE = ∇ × H,
∂t

(1)

∂H
= −∇ × E,
∂t

(2)

H(x, 0) = H0 (x) on Ω,

(3)

ε

µ
E(x, 0) = E0 (x),

where (E, H) are the electric and magnetic fields and n the outward normal to the
boundary of Ω. ε, σ and µ are the permittivity, conductivity and permeability matrices. In this model, on the boundary ∂Ω of the domain, to simulate unbounded space
we use a PML formalism where a condition n × E = 0Sends the layers.
e
Let Th be a hexahedral mesh of Ω such that Ω = N
i=1 Ki . In our approach, for
each Ki ∈ Th , we rewrite (1), (2) and (3) by adding terms which define the jumps
of the tangential electric and magnetic components accross the boundary of Ki . We
obtain on Ki :
Z
Z
Z
Z
∂E
i
· ψ dx +
σE · ψ dx =
∇ × H · ψ dx + α
[[H × n]]K
ε
∂Ki · ψ ds
Ki
Ki
∂Ki
Ki Z ∂t
(4)
Ki
+β
[[n × (E × n)]]∂Ki · ψ ds,
∂Ki

Z

∂H
µ
· φ dx = −
Ki Z ∂t

+δ

[[n × (H ×

∂Ki

Z

∇ × E · φ dx+γ
Ki

i
n)]]K
∂Ki

Z

∂Ki

i
[[E × n]]K
∂Ki · φ ds

(5)

· φ ds,

i
where α, β, γ, δ are positive constants, φ ∈ [H(Th )]3 , ψ ∈ [H(Th )]3 and [[v]]K
∂Ki is
the jump of a vector-valued function v across the boundary of Ki . H(Th ) defines the
functional space given by {v ∈ L2 (Ω); ∀K ∈ Th , v|K ∈ H 1 (K)}.
Now we choose α, β, γ and δ so that the last formulation (4)-(5) is equivalent to
the
(1)-(3) and to ensure a well posed problem, the energy
Z Maxwell’s equations
Z

ε

E · E dx + µ

Ω

H · H dx of this new formulation must be bounded in time.

Ω

A study of the energy of (4)-(5) for σ = 0 shows that this system is dissipative
for β ≥ 0, δ ≥ 0 and 1 + α − γ = 0. Moreover, if β = δ = 0, we get an energy
conservation. So, in order to obtain a non-dissipative formulation and two equivalent
problems, we set β = δ = 0 and −α = γ = 21 for any interior face and γ = 1 and
β = δ = α = 0 on a metallic face.
Now, let K̂ = [0, 1]3 be the unit cube and a hexaedric cell Ki ∈ Th , Fi is a trilinear
conform mapping such that Fi (K̂) = Ki . DFi defines its Jacobian matrix and Ji =
det(DFi ). The approximate problem is then defined in the following approximation
of [H(Th )]3 :
Vhr = {v ∈ [L2 (Ω)]3 such that |Ji|DFi−1 v|Ki ◦ Fi ∈ [Qr (K̂)]3 },

(6)

where Qr (K̂) is the set of polynomials of order less or equal to r in each variable.
In the following, we shall call a Qr approximation for the Discontinuous Galerkin
method, an approximation based on Vhr .
1.1. Basis Functions
r
To define the basis
 functions of Vh , first, we define local basis functions on K̂. Let
ˆ
ξ~i,j,k = ξˆi , ξˆj , ξˆk , 0 ≤ i ≤ r, 0 ≤ j ≤ r, 0 ≤ k ≤ r, be a set of points of
K̂, where ξˆ` represents a Gauss quadrature point on the interval [0, 1]. We define the set of the (r + 1)3 Lagrange interpolation polynomials θi,j,k ∈ Qr such

ˆ
that θi,j,k (ξ~`,m,n ) = δi` δjm δkn , where δij is the Kronecker symbol. Then, we define
b of vector-valued basis functions on K̂ : θ (1) = (θi,j,k , 0, 0)T ,
the following set B
i,j,k
(2)
(3)
T
T
θ i,j,k = (0, θi,j,k , 0) , θ i,j,k = (0, 0, θi,j,k ) . Fig.1 shows the location of the degrees of
freedom in K̂ for a Q3 approximation.
(n)
Finally, for each hexahedron K` we define 3(r + 1)3 functions φ`,i,j,k of the basis Bv

Figure 1. Degrees of freedom for Q3 approximation on the unit cube.
(n)

(n)

of Vhr such that φ`,i,j,k ◦ F` = DF`∗−1 θ i,j,k .
1.2. Discrete Formulation
In problem (4)-(5), by using the above definitions of basis functions to approach
the fields and by computing all the integral by the Gauss rule, we get the following
discrete formulation of the problem, whith a leapfrog scheme in time :
Bε

En+1 + En
En+1 − En
+ Bσ
+ Rh Hn+1/2
∆t
2
+α Sh Hn+1/2 + Jn+1/2 = 0,

Bµ

Hn+1/2 − Hn−1/2
+ Rh En + γ Sh∗ En = 0,
∆t

(7)

(8)

In this system
• Bε , Bσ , Bµ are 3 × 3 block-diagonal symmetric mass matrices. This property
comes from the orthogonality of the basis functions and a adequate numbering
of the degrees of freedom ;
• the stiffness matrix Rh and the jump matrices Sh , Sh∗ are very sparse and require
almost no storage. Only the storage of the integral terms computed on the
reference element K̂ and the value of the sign of Ji on each element Ki are
necessary. This is due to the somehow strange definition of Vhr which induces
the following properties :
For any φ ∈ Vhr , ψ ∈ Vhr such that φ ◦ F` = DF`∗−1 φ̂ and ψ ◦ F` = DF`∗−1 ψ̂,
we have
Z
Z
ˆ × φ̂ · ψ̂ dx
∇ × φ · ψ dx = signJi
∇
Ki

and

Z

(φ × ni ) · ψ dσ = signJi
∂Ki

K̂

Z

ˆ
∂K

(φ̂ × n̂) × ψ̂ dσ̂

ˆ is the the gradient operator on K̂. In the numerical scheme, the blockwhere ∇
diagonal structure of Bε , Bσ and Bµ leads to a quasi explicit scheme of resolution in
time without the need to store big inverse mass matrices. In particular, this induces
a fast method (O(r 4 ) number of operations per iteration). So, this approach allows us
to have a high order spatial approximation with a low memory storage (24(r + 1) 3 + 1
value to store by cell for a Qr approximation).

3. Numerical Results
To illustrate the advantages of this method versus classical electromagnetic methods
like the yee’s scheme [1], we present in this section some comparisons to :
• the propagation of a mode inside a cavity for important number of wavelenghts
• the evaluation of a scattered field near an objects with an important curved
geometry.
2.1. Propagative problem inside a cavity
Let a cubic cavity with a 1m lenght, be perfectly metallic. We wish study the propagative mode (3,0,0) whose the analytical solution is given by :

Ex = E y = Hz = 0


 E = sin(3π(x − x ))sin(3π(y − y ))cos(ωt)
z
0
0
(9)
3π
sin(3π(x
−
x
))cos(3π(y
− y0 ))sin(ωt)
H
=
0
x

ωµ0


3π
cos(3π(x − x0 ))sin(3π(y − y0 ))sin(ωt)
Hy = ωµ
0
p
With ω = c0 3 π (2) and (x0 , y0 , z0 ) the center of the cavity. Figure 2 and Table
1 show comparison results between FDTD and DG methods. On these results, we
notice the gain in terms of storage and CPU time of the DG method. In this example
by using a high spatial approximation with the DG method, we need, only, to mesh
the cavity by using 3 × 3 × 3 cells.
Table 1. Costs in terms of memory and CPU time.
Method
CPU time Memory
FDTD λ/10
40s
1.5Mo
FDTD λ/20
2mn
5Mo
FDTD λ/30
5mn
12Mo
FDTD λ/40
14mn
27Mo
GD Q5
4mn17s
2Mo
GD Q6
7mn10s
2.7Mo

2.2. scattered problem
In scattering problem, the use of high order DG method can be interesting for size
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Figure 2. Comparison FDTD/DG at the center of the cavity.

of the mesh and accuracy on the solution. For example, let a flat cone be perfectly
metallic and illuminated by a plane wave. We want to evaluate the field near the
cone located at the point A of the figure 3.
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Figure 3. Comparison between FDTD and DG methods.
Figure 3 shows also some comparisons between differents methods. To obtain a
similar result in terms of accuracy, we need to use for the FDTD method a mesh where
the size of the cell is of order λ/40 and a time step dt = 4.e − 11s. In these conditions,
w obtain a CPU time equal to 99mn with a memory storage given by 27M o. For the
DG method, by using a Q3 approximation, with a time step equivalent to the FDTD,
we obtain a CPU time equal to 25mn with a memory storage of 15M o. We note also
on this simple example the possible interest to use a high order DG method to solve
the problem, even if other second order schemes like FDTD or also FVTD could be
more attractive in scattered problems.
The advantage of this method is strongly related to the use of an hexahedral
mesh. Unfortunately, such meshes introduce a practical difficulty. In fact, hexahedral
meshes are not easy to generate, contrary to tetrahedral meshes. A solution to this
problem consists to construct an hexahedral mesh by using a tetrahedral one in which

each tetrahedron is split into four hexahedra. This method, enables us to apply
our DGM approach for very complex structures, but the meshes obtained have very
irregular elements which imply a small step time to ensure stability of the scheme.
In addition to this constraint, the use of a conservative scheme for our Discontinuous
Galerkin approach induces a lot of parasitic waves which are more important in this
kind of mesh than for regular meshes and the solution can be very distorted. To
improve these points, we introduce in our scheme the damped terms of the fluxes
(n × (E × n), n × (H × n)) with a small factor (0.01) and we take into our scheme a
local time-stepping method.

3. Local time-stepping
Generally, the unstructured meshes of the objects obtained in our simulation models
have a large variety of cell size. In these conditions, using the time step which
ensure the stability of the numerical scheme on the whole computational domain, is
too stringent. Different research works have been done in order to obtain a local
time-stepping stable method. In particular, a symplectic scheme seems to present
advantage to ensure stability [6]. In addition, this scheme permits to treat the entire
problem as a set of cell area classes for which a local time step is given. Then, the
evolution of the fields in time can be easily done by a recursive process. The symplectic
scheme proposed for Maxwell’s equations is based on the Verlet scheme [7]. However,
the requirement field values at times which are not computed implies the lost of the
symplectic property of the scheme proposed. For this reason and because the Yee
scheme is less CPU time consuming than the Verlet scheme, we have developped a
local time-stepping approach based on the Yee scheme. So far, we don’t ensure the
stability of this approach by a condition on the time step, but the behaviour of our
approach on long time is similar to the approach based on the Verlet’s scheme. The
recursive scheme developped can be explained as :
• take n as the number of classes found for our mesh
• avanceH(n); avanceH(n)
The subroutine avanceH can be written :
• if (n=1) then EvalH
• else
– dt = 3n−1 dtmin
– EvalH
– avanceH(n − 1); avanceE(n − 1); avanceH(n − 1)
For the subroutine avanceE we have :
• if (n=1) then EvalE

• else
– dt = 3n−1 dtmin
– EvalH
– avanceE(n − 1); avanceH(n − 1); avanceE(n − 1)
In these subroutines, EvalH and EvalE define respectively, the evaluation of the
magnetic and electric fields by using Yee’s method.
In this local time-stepping method, we define the smallest time step dtmin which
ensures stability for all the cells and, for each cell, we define the local time step which
verifies the stability condition. Then, we define n different classes with local time
step equal to 3n−1 dtmin in ranging from the smallest to the largest time step.
To evaluate this local time-stepping method, we present a comparison in terms
of CPU time between four approaches. The first approach noted scheme0 is the DG
method without local time-stepping method. The second approach noted scheme1 is
a local time-stepping method using two local time steps and two classes of elements.
The third approach noted scheme2 is the local time-stepping approach based upon the
Verlet scheme. Finally, the fourth approach noted scheme3 is the method proposed
with the Yee scheme. The examples taken into account for the comparisons are an
airplane and the GENEC cavity whose meshes are given in Figure 4. The tables 2
Z
X
Y

Y

Z

X

Figure 4. Meshes of the objects studied.
and 3 give the results obtained respectively for the airplane and the GENEC example.
The number of classes found for the airplane is N = 7 with scheme2 and N = 5 with
scheme3. For the GENEC we find respectively N = 10 with scheme2 and N = 6 with
scheme3. We can see the advantage of the method proposed.
Table 2. Gain in time for the airplane example.
scheme0 scheme1 scheme2 scheme3
1
2.5
4.5
5.5

Table 3. Gain in time for the GENEC example.
scheme0 scheme1 scheme2 scheme3
1
2.7
11
15

4. Conclusion
In this paper, we presented a high spatial order Discontinuous Galerkin method which
ensures a very accurate solution with a low memory storage and a low CPU time.
This method is based on a spatial non dissipative scheme and on an approximation
upon mesh constituted of hexahedra. This particularity permits to obtain easily
high degree of spatial approximation by cartesian products. The obtention of such
meshes can be done by splitting tetraedric cells of a non-structured classical mesh
into 4 hexaedric cells. This possibility makes the method very attractive even for
complex geometries and in particular for cavity problems and for problems where the
signals are unsteady during a long time. However, the size of some local cells into the
splitted mesh imposes a very small time step for the method in order to ensure its
stability. Actually, to correct this lack of performance, a local time step method has
been studied and introduced in the method. The gains obtained are very promising.
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